A theory is presented for numerically simulating the movement of water in variably saturated deformable porous media. The theoretical model considers a general three-dimensional field of flow in conjunction with a one-dimensional vertical deformation field. The governing equation expresses the conservation of fluid mass in an elemental volume that has a constant volume of solids. Deformation of the porous medium may be nonelastic. Permeability and the compressibility coefficients may be nonlinearly related to effective stress. Relationships between permeability and saturation with pore water pressure in the unsaturated zone may be characterized by hysteresis. The relation between pore pressure change and effective stress change may be a function of saturation. In the transition zone where pore water pressure is less than atmospheric but greater than air entry value, soil moisture diffusivity as used in soil physics and coefficient of consolidation as used in soil mechanics are shown to be conceptually equivalent. It is believed that this' model will be of practical interest in studying saturated-unsaturated systems undergoing simultaneous desaturation and deformation. 
INTRODUCTION
This work is concerned with the development of a numerical model for simulating groundwater motion in variably saturated deformable heterogeneous porous media. The model considers a general three-dimensional field of fluid flow in conjunction with one-dimensional vertical deformation of the porous medium. It is believed that this model will have general applicability, not only in gtudying th e movement of water in shallow groundwater systems in which the role of the unsaturated zone may be of considerable importance but also in studying a variety of civil engineering and geological engineering problems related to ground sett}ement.
The foundation for the 'unified treatment of water flow in variably saturated isothermal porous media was first gi•,en by Buckingham [1907] , who proposed the concept of a capillary potential •b and showed its functional relation to the moisture content 0 in partially saturated soils. Richards [ 1931 ] combined capillary potential with gravitati6nai potential and showed that Darcy's law, which was originally proposed for saturated porous media, was equally valid in the partially saturated zone. While Buckingham and Richards were mainly concerned with flow in partially saturated soil s, Terzaghi [1925] was concerned with the engineering properties of soils. He proposed the concept of effective stress in defining the deformation of the soil skeleton. By definition, effective stress is related to capillary potential through the total stress. Thus the concepts of capillary potential, gravitational potential, and effective stress together provide a conceptual basis for developing a mathematical model for the transient motion of groundwater in variably saturated deformable porous media.
Although the theoretical basis has existed for some time, no serious attempt was made to develop a unified treatment for saturated-unsaturated flow in groundwater systems until recently [Cooley, 1971; Freeze, 1971; Narasimhan, 1975 in which qr is the vector flux density of water • [Philip, 1969] relative to the solid grains and D/Dt denotes the material derivative.
If the volume element is appropriately small so that pw and 0 can be treated as average values over V, then (1) becomes
We now seek to write (2) with • as the dependent variable and introduce Darcy's law for the equation of motion in the form [Philip, 1969] qr = -(kpwg/tt)y(z + •) 
The three terms on the right side of (6) denote three distinct physical phenomena. The first term expresses the ability of water to expand due to changes in hydrostatic pressure, the second represents the deformability of the soil skeleton, and the last represents the desaturation of the pores. We will consider each of these phenomena separately.
Equation of State
The dependence ofp• on hydrostatic pressure p is given by
in which the reference pressure po is usually taken as atmospheric and set to zero. Since water is only slightly compressible, we can let p = p•og• without loss of accuracy and obtain
Differentiating (8), we immediately obtain, for the first term on the right-hand side of (6),
since Vn = Vse.
DeJbrmation of Soil Skeleton
In the second term of (6) Between the saturated soils, in which capillary and mechanical stresses may be fully equivalent, and the extremely dry soils, in which capillary and mechanical stresses have no equivalence, lie the partially saturated soils of moderate to high saturation, in which moisture suction is only partly convertible to mechanical stress. To accommodate this situation, a modified form of (11 ) has been proposed by Bishop [ 1960] We can now evaluate the second term on the right-hand side of (6). Combining (15) 
Desaturation of Pores
The third and last phenomenon that enables a soil to absorb or release water from storage is the change in water saturation, represented by the last term on the right-hand side of (6). Change of water saturation in soils is a thermodynamic process. In extremely dry soils a variation in water saturation may in fact be accompanied by temperature changes. However, in soils of moderate to high water content the temperature does not vary as S changes with •. In our model we will neglect temperature effects and assume that S varies only with •.
It is well known from laboratory studies that at less than 100% saturation, In groundwater hydrology, Ss is invariably treated as con- 
PERMEABILITY
The permeability term in (4) is in general a symmetric second-order tensor. However, in the present work we will restrict ourselves to isotropic materials in which k is a scalar. In the zone of partial saturation, k is directly related to •k, and this relationship may be characterized by hysteresis, as shown in Figure 5 .
In The phenomenon of a seepage face which is peculiar to saturated-unsaturated flow gives rise to an important mixed boundary condition. On the seepage face the fluid potential is equal to the elevation head and •k -0. In addition, fluid flux may only leave (but not enter) the porous medium across such a boundary. In a system with an unsaturated zone the seepage face may grow or shrink with time, and hence the actual dimension of the seepage boundary is not known a priori. The seepage face is thus a prescribed potential boundary on which the flux direction is specified.
The phenomena of evaporation and evapotranspiration give rise to another boundary condition peculiar to saturated-unsaturated groundwater systems. A method of handling this condition has been devised by Neuman et al. [1975] . The amount of moisture which the atmosphere can take in from the soil is equal to the sum of potential evaporation and potential evapotranspiration and can be determined from mic?ometeorological data. In addition, there also exist lower solid volume Vs. Therefore, to be consistent, the spatial relationships in (26) should be treated as step functions in time. It appears from the work thus far that one may neglect this geometric variation without loss of accuracy.
Reduction to a Differential Equation
Equation (25) is an integral form and relates to a finite volume element. If we consider a quasi-linear form of (26) A third limitation of the present model involves the method of handling soil deformation. The one-dimensional consolidation theory is a simple concept that has been found to be of practical value under many field conditions. However, there may be situations where one will have to consider the complex relation between changes in pore pressure and the general effective stress tensor. A fundamental consequence of this requirement is that we do not know a priori the quantity de/&p (which enters into computation of Me) until we have solved an independent equation relating changes in effective stress to the consequent strains. In order to rigorously solve the problem, we need two equations: one for fluid flow as given by (26) 
